Convex-roof extended negativity as an entanglement measure 
for bipartite quantum systems 
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We extend the concept of the negativity, a good measure of entanglement for bipartite pure states, 
to mixed states by means of the convex-roof extension. We show that the measure does not increase 
under local quantum operations and classical communication, and derive explicit formulae for the 
entanglement measure of isotropic states and Werner states, applying the formalism presented by 
Vollbrecht and Werner [Phys. Rev. A 64, 062307 (2001)]. 
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I. INTRODUCTION 

Quantum information processing essentially depends 
on several quantum mechanical phenomena, among 
which entanglement has been considered as one of the 
most crucial features. There are two important prob- 
lems for entanglement. One is to find a method to deter- 
mine whether a given state in an arbitrary dimensional 
quantum system is separable or not, and the other is 
to define the best measure quantifying an amount of 
entanglement of a given state. In order to solve these 
problems, various criteria for separability and not a few 
measures of entanglement have been proposed in recent 

years Q a I ! ! ! S ! El El B Q El- 

Although the perfect solutions for the problems have not 
yet been obtained, quite a good criterion for separability, 
called the positive partial transposition (PPT) criterion, 
was suggested by Peres 0] and Horodecki et al. 0, and 
an entanglement measure was naturally derived from the 
PPT criterion ful El, E3- The measure is called the 
negativity [l3L llSj . and is defined by 
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where p TB is the partial transpose of a state p in d <g> a" 
(d < d') quantum system and || • ||i is the trace norm. 

However, although the positivity of the partial trans- 
pose is a necessary and sufficient condition for nondistill- 
ability in 2 ® n quantum system 0, Il9l | , there exist entan- 
gled states with PPT in any bipartite system except in 
2<X> 2 and 2(8)3 quantum systems 0,0, that is, there exist 
entangled states whose negativity are not positive. Such 
states are known as PPT bound entangled states, which 
can be useful in a quasi-distillationprocess called the ac- 
tivation of bound entanglement [20l l2l| . Nevertheless, 
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the negativity cannot distinguish the PPT bound entan- 
glement from separability. Hence, it is not sufficient for 
the negativity to be a good measure of entanglement even 
in 2®n quantum system. In this paper, we present an 
extension of the negativity which can compensate for lack 
of the ability. 

We now consider the negativity of pure states in d® dl 
(d < d') quantum system, Ha <8> Hb- By the Schmidt 
decomposition theorem, a given pure state can be 
written as 



d-i 
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U A ®U B \$), 
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where ^JIJ are the Schmidt coefficients, Ua and Ub are 
unitary operators defined by Ua\j) — \dj) and Ub\j) = 
\bj) respectively, and 
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Let = ± \ji)) /a/2- Then since the partial 

transpose of |3>)(<I>| is 
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i<3 



we have 



2 x , 

i<3 



d 



(5) 



where p = (-i//Zo, \/~Pii ■ ■ ■ , \/Pd~i) is the Schmidt vector. 
We note that N p {p) = if and only if is separable, 
and that A/" p ((l, 1, . . . , 1)/Vd) = 1. Thus Af p can be a 
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measure of entanglement for bipartite pure states in any 
dimensional quantum system, and can be extended to 
mixed states p by means of the convex roof, 

Mn(p) = min VpfeAApQifc), (6) 

where pk is the Schmidt vector of \^k)- The extended 
measure A/" m is called the convex-roof extended negativ- 
ity (CHEN). Then we can readily show that Af m (p) = 
if and only if p is separable. This implies that the 
CREN can recognize the difference between separabil- 
ity and PPT bound entanglement, which cannot be done 
by the original negativity. We can also show that Af m 
is convex, and that Af m (p) > N{p) by the convexity of 
the original negativity ./V" In 2 eg) 2 quantum sys- 

tem, it follows from a straightforward calculation that the 
CREN M m is equivalent to Wootters' concurrence [tUTH 
since 7V p (/2) = 2Jp^p~i = |(*|*)| = C(|*)), where fx is 
the Schmidt vector of |#) = a y ® cr y |**), and C 
is Wootters' concurrence. Therefore, the CREN can be 
considered as a generalized version of Wootters' concur- 
rence which is different from the /-concurrence 0, 0] . 

Even though it is generally not so easy to calculate the 
value of the convex-roof extension of a pure-state mea- 
sure, we can simplify the computation of entanglement 
measures for states that are invariant under a group of 
local symmetries 0, Il5lp2l |23| , such as isotropic states 
and Werner states |24jl 

In this paper, we derive explicit formulae for the CREN 
of isotropic states and Werner states, exploiting the for- 
malism presented by Vollbrecht and Werner |23|. This 
formalism originated from the method of Terhal and Voll- 
brecht [22^. who gave an exact formula for the entan- 
glement of formation for isotropic states, and a subse- 
quent work by Rungta and Caves recently provided 
explicit expressions for the concurrence-based entangle- 
ment measures of isotropic states. These computational 
results imply that the newly defined measure, CREN, is 
an entanglement measure not only to show the difference 
between separability and bound entanglement, but also 
to be computed as well as other convex-roof extended 
measures of entanglement. 

This paper is organized as follows. In Sec. [H] we show 
that the CREN Af m does not increase under local quan- 
tum operations and classical communication (LOCC), 
that is, it is an entanglement monotone. In Sec. II I II we 
provide explicit formulae for the CREN of isotropic states 
and Werner states in d®d quantum system, and use these 
formulae to compare the CREN with the original nega- 



tivity. Finally, in Sec. II VI we summarize our results. 



II. MONOTONICITY OF ENTANGLEMENT 
UNDER LOCAL QUANTUM OPERATIONS AND 
CLASSICAL COMMUNICATION 

Monotonicity of entanglement under LOCC is consid- 
ered as one of natural requirements which good measures 
of entanglement must hold. Vidal [25| gave a nice recipe 
for building entanglement monotones in bipartite quan- 
tum system by showing that the convex- roof extension of 
a pure-state measure E satisfying the following two con- 
ditions is an entanglement monotone: (i) For a reduced 
density matrix pa = tr ^ | ^ ) | of a pure state \^f), the 
function / on the space of density matrices defined by 
/(Pa) — is invariant under unitary operations, 

that is, for any unitary operator U 

f(Up A U^) = I(pa). (7) 

(ii) The function / is concave, that is, for any density 
matrices pi, P2, and any A £ [0, 1], 

/(A Pl + (1 - \) P2 ) > A/( Pl ) + (1 - A)/(pa). (8) 

In this section, we are going to show that the CREN is 
an entanglement monotone, by verifying that Af p satisfies 
the above conditions. Let / be the function defined by 
f(p) = A/p(/7), p being the vector with entries consisting 
of eigenvalues of p. Then since 

we have 

/(p) = ^ I (ff(p)-i) (10) 

where g[p) — [tr(*/p)l . Thus, in order for the CREN 
to be an entanglement monotone, it suffices to show 
that the function g is concave, since g clearly satis- 
fies the invariance under unitary operations. Let p = 
Ap! + (1-A)p 2 = T,j r Mj)(£j\> Pi = T,kPk\<t>k)(<l>k\, and 
P2 = q^ipi) {it>i\ be eigenvalue decompositions. Then 
we obtain 
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g{p) = [tr (y^i + (1 - A)p 2 ) 



A I E ^>k^>i 2 J + c 1 - A ) IE JE*i&w 

2 / \ 2 



2 ^1 + (1- A) E 1(^1^)1 Vffl 



3',! 



A<?(pi) + (1 - A)5(p 2 ) 



(1-A) 



r 



(ii) 



from the straightforward calculations and the concavity 
of the square root. Hence we complete the proof that the 
CREN A/in is an entanglement monotone. 



III. ENTANGLEMENT FOR ISOTROPIC 
STATES AND WERNER STATES 

In this section, we compute the CREN for isotropic 
states, 



1 - F 



PF=jrrj( I -\* + )(* + \)+ F \* + )(^ 



with 



l* + > = ^X>> 



3=0 



(12) 



(13) 



and F = and Werner states, 



employing the formulation suggested by Vollbrecht and 
Werner [23j. Before deriving explicit formulae for the 
CREN of those states, we review the formulation of a 
convex-roof extended measure. Let S be the set of states 
in a given quantum system, P the set of all pure states in 
S, and let G be a compact group of symmetries acting on 
5 by (U,p) I— > UpU^ . We also assume that a pure-state 
measure E defined on P is invariant under any operation 
in G. We now define the projection P : S — ► S by Pp — 
J dUUpW with the standard (normalized) Haar measure 
dU on G, and the function e on PS by 

e(p) = min{£(|*)) : e P,P|tf)(#| = p}. (16) 

Then for p £ PS, we have 

coE(p) = coe(p), (17) 

where cof is the convex- roof extension of a function /, 
in other words, it is the convex hull of /. 



Qw 



2(1 - W) 
d(d+l) 



' d-1 



1<J 



2W 



d{d- 



with 



i<3 



A. Isotropic states 

The isotropic states pf in Eq. I|12|) have the important 
(141 property that /9p is separable if and only if pp has PPT 
if and only if < F < l/d 0, SI- Since A^ m (p F ) = 
for < F < 1/d, we now assume that F > l/d. Let 7I so 
be the (U <S> C/*)-twirling operator defined by T iso (p) = 
f dU{U®U*)p(U®U*)" s , where dU denotes the standard 
Haar measure on the group of all dx d unitary operations. 
(15) Then the operator satisfies the following two properties, 
% so {p) = Pf( p ) with F(p) = and T iso {p F ) = 



4 



Pf- Applying 7i so to the pure state of Eq. J3J, we 
have 

T iBO {\V)(y\) = PF(|*>(*|) = PF(ff,V), (18) 

where V = U^Ub and 



F(p,V) = \(<S> + \*)\ 2 = 



^ ^fpkVkk 



(19) 



with Vij = (i\V\j). Then the function e defined in Eq. 
((TTfll becomes 



e{p F )= min { A/" p (#) . , 



= FV. (20) 



For a unitary operator 1/, we consider the function 

2 



N v (F)=mm ^ p (fl) : ^ 



(21) 



and let z? be the Schmidt vector to provide the mini- 
mum for the constraint in Eq. (|21|) . Then since F(p, I) > 
F{v, V), we obtain an inequality, 

NiiFM I)) < Af p (ff) = N v {F{v, V)). (22) 

Thus since Ni is monotone increasing [see Eq. (|25[l ] and 
V is arbitrary, we get 



N V (F) > N^F), 



(23) 



which implies that s(pf) — Ni(F). Therefore, it follows 
from Eq. JHJ that 



N m { PF ) = coN I {F)=N I (F), 



(24) 



with 



= min 

P 




= min 

P 




Fd 


- 1 


d- 


- 1 



k 



= F 



(25) 



We note that the CREN is equivalent to the original neg- 
ativity for isotropic states, that is, 



B. Werner states 



LetT wcr (p) = J dU{U®U)p{W®W) be the {U ®U)- 
twirling operator. Then the operator and the Werner 
states Qw in Eq. (|14|) have the following properties 
analogous to isotropic states, T we r(p) = Pw(p) with 
W(p) = tr(pJ2i<j T W ct{qw) = Qw, and g w 

is separable if and only if Qw has PPT if and only if 
< W < 1/2 [H El |H \2$. We now assume that 
W > 1/2, since Af m {gw) = for < W < 1/2. Apply- 
ing %, CT to the pure state |\&) of Eq. (J2J, we also have 



7^ er (|*)(*|) = ew(m(V\) = QW(jt,A), (27) 



where A = U\Ub and 



W{p,A) = tr (J®A)^VWMJl")0'jl( Z «> At )*" 

= ^ I V^Aji _ \/M7 A u 1 2 (28) 



with * = |*«)(*« | and A y = (*|A|i>. Then the 

function e defined in Eq. I|16|l becomes 



£{QW) 



= min <N P (p) :l:Yl \^ K Ji - Vm7 A u 1 2 = 1 
= min \ : 1 - V ^|A^| 2 - 2 V v / i"iMr^( A ij' A ji) = 2W/ ? 



(29) 
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where !ft (z) is the real part of z. Since 

2W = 1 ^//, A,, " 2^ x 77j77ft::.\,.,.\;,i 

i i<j 

< 1 + 2]T VA^7 ^(AyA*,)! 



l + (d-l)^ p (/2), 



(30) 



the following inequality holds under the constraints in 
Eq. 



A/p(/Z) > 



2W- 1 
d-1 ' 



(31) 



We note that the equalities hold in Eq. (|oTjj) or Eq. ijol"|) 

if A 00 = 0, A i = 1, Aio = -1, An = 0, and fl = 
(/Lto, fix, 0, . . . , 0). Therefore, we obtain 



Nm(gw) = coe(gw) = s{qw) 

We remark that for W > 1/2 

,, . . 2W-1 2 2W- 1 



2W-1 
d-1 ' 



(32) 



= A/W), (33) 



and that in a higher dimensional quantum system the 
CREN is not equal to the original negativity. 



IV. CONCLUSIONS 

In this paper, we introduced the concept of the CREN, 
showed that the CREN is an entanglement monotone, 



and derived explicit formulae for the entanglement mea- 
sure of isotropic states and Werner states. As seen in the 
exact formulae for those states and the analysis on the 
formulae, the mathematical expressions for the CREN 
are less complicated than those of other convex-roof ex- 
tended measures, such as the entanglement of formation. 
Furthermore, although by the convexity of the CREN 
one can readily show that the CREN is equal to the orig- 
inal negativity for two-parameter states in 2 (gin quantum 
systems presented by Chi and Lee [2^ , no analytical for- 
mula for the entanglement of formation for 2 (gin systems 
exists in the literature, and it seems a very hard problem 
to develop one 0|. Hence, we consider that the CREN is 
a more effectively computable measure of entanglement 
than any other convex-roof extended measure. Never- 
theless, the CREN can recognize the difference between 
separable states and PPT bound entangled states, which 
cannot be done in the computation of the original neg- 
ativity. Therefore, in this sense we conclude that the 
CREN is a good candidate for the entanglement mea- 
sures in bipartite quantum systems. 
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